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1. MONODROMY

We will start the talk by briefly presenting some monodromy phenomena of the solutions of differ-
ential equations.

1.1. Analytic perspective. Let’s work over C, with coordinate z. Consider the following differ-
ential equation, also known as the hypergeometric differential equation
(2(1 = 2)02 + (¢ = (1 +a +0)2)0; — ab) f(z) = 0,

where a,b, c € C. Suppose ¢ ¢ Z, then we can define when |z| < 1 the solution

F(a,b,c|z) := Z (azZ)(nb)n %7;,

n=0
where (k), :=k-...- (p+n —1). This function can be holomorphically continued outside the ray p
defined by 3(z) = 0 and R(z) > 1. Similarly, if 1 +a + b — ¢ ¢ Z¢, the solution

F(a,b,14+a+b—c|l —z)

can be continued analytically outside the ray p’ such that S(z) = 0 and R(z) < 0. These two
solutions are defined on U := C\ (pUp’) and one can check that they are linearly independent, thus
they form a basis of the vector space of holomorphic solutions on U.

Now, if we take the solution obtained from F'(a, b, ¢|z), the limits on pUp’ coming from above or from
below don’t match. This phenomenon can be described by saying that for every x € C\ {0, 1}, there
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is a monodromy action of 71 (C\ {0, 1}, x) on the vector space of solutions in a small neighbourhood
of z.

1.2. Algebraic perspective. A similar phenomenon appears in the étale site. For example, if
k is a field of characteristic different from 2 and we take on Spec(k[z],) the differential equation
(220, — 1)f = 0, we don’t have any nontrivial solution (it would be something like 1/z). But étale
locally we do find a solution! Indeed if we consider the Kummer cover Spec(k[t]:) — Spec(k[z].)
such that z goes to t2, the operator 220, — 1 becomes on Spec(k[t];) the operator t9; — 1, which has
solutions ¢t where ¢ € k. Thus, the étale-local solution ¢ doesn’t descend to Spec(k[z],) and this
can be explained again saying that there is a nontrivial action of the étale fundamental group of
Spec(k[z].) on the stalk of the étale sheaf of solutions.

2. DIFFERENTIAL OPERATORS AS UNIVERSAL ENVELOPING ALGEBRA

Let X be a variety over a field of any characteristic, if Tx/; is the tangent bundle we can consider the
universal enveloping Ox-algebra of Tx i, ¥ : Tx/i — Uox (Tx/k), i-e. Uoy (Tx k) is an associative,
unital left Ox-algebra such that for every other A, unital associative left Ox-algebra and for every
map ¢ : Ty, — A of left Ox-modules that commutes with the bracket there exists a unique map
n of unital left Ox-algebras from Up, (Tx /i) to A such that no) = ¢.

Now, if £ is a vector bundle over X, if we have a map Ty, — Endi(E) of left Ox-modules that
commutes with the bracket, by definition this gives a map Uoy (Tx/k) — Endg(E). The sheaf
Uo (Tx /k) can be thus thought as a sheaf of derivations of higher order. In characteristic zero this
is isomorphic to the sheaf of differential operators we will define in the next sections, but in positive
characteristic they are different.

Thus one can choose if to consider D-modules with one or the other definition of differential operators
and this will give different theories. During this seminar, in the case of positive characteristic, the
sheaf of differential operators won’t be the one obtained with the universal enveloping algebra, but
the one we will define later.

Example 2.1. If X is k[z1, ..., x;] the global sections of the sheaf Uo  (Tx/x) are just isomorphic to

the Weyl algebra k[z1,...,2p,0zy,...,0z,]. This (non commutative) algebra is obtained imposing
relations [z;, z;] = 0, [0y,;,0:;] = 0 and [0y, 7] = d;5. The module structure is just given by the
inclusion k[z1,..., 2] <= k[x1,...,2p,0z,,...,04,]

3. NEW OPERATORS

In characteristic p, in one variable, the composition of derivations will never be a differential operator
of degree p or higher. Indeed 9% is the zero endomorphism. However there are other good candidates.
Take f € k[z], where k is a field of characteristic p, then f(z+¢€) = f(x)+ (0. f)(x)e+... +7eP+. ..,

where € is just a free variable and ? € k[z]. We would like writing ? = (9% f)(z)/p! but the right

term has no meaning. Anyway we can just define an endomorphism 8;5}’ ) that associates f =7

More formally:
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Definition 3.1. Let k be a field, for any » € N and any 1 < ¢ < r and for any n € N we define
83(6?) s klxy, ..., xp] — k[z1,...,2,] as the only k-linear map such that for any a1,...,a, € N, if
n < a;,

o ._
n aq « 7 (e%) a;—n (e%
83(Ci)(x1 ...a:f)-(n)xl coexg T e

and when n > oy
O (xr .. a8m) = 0.
One can check on monomials that for any 1 < 4,5 < r and any n,m:
e If n! is invertible in k, &E;?) = %8&,;

05, 857) = 0
a(”) 8(7”) — (n+m)a(”+m).

T4 o T n iz 9

For any f,g € k[z1,...,2,], we have 89(0?)(]“9) =>" 8(@_m)(f)8§;7in)(g).

m=0 ~Ti

4. PRINCIPAL PARTS

The differential operators we have defined in the previous section make sense only in A}, but we
would like to work with a larger class of varieties: all the smooth varieties. Thus we want to find
an intrinsic definition, as the one of universal enveloping algebra, but that allows us to work with
operators as 8g(cn). A nice way to define them, due to Grothendieck, is the one using principal parts.
At the same way to study derivations one can introduce Kahler differentials, to study differential
operators one introduce principal parts.

Let’s work locally, let A be a k-algebra, I := ker(A ®; A 3 A), where m is the multiplication of
A, 1:A— AR, A that sends a — a® 1 and d*° : a — 1 ® a, moreover let’s call d = d*° — 1. We
will consider on A ®; A the left A-module structure induced by ¢ and the right A-module structure
given by d*°.

Definition 4.1. We will denote P the left and right A-module A ®; A/I""! and we will call it
the module of principal parts of A of order n.

Example 4.2. If n =1, P} is just A& Q,l4/k'
If A = k[z], for any n

P = Kla,y]/((y — 2)" ) "7 klalle] /(") = @iokla]e’.
We also have d®°(f) = f(z + €)' and dz = e.

Consider ¢; : P} — A the left k[z]-linear map such that o;(e’) = d;; (¢; is the functional dual to
/). Let’s call D; := p; 0d™ : A — A, we have

Difa®) = (1 0 d%)(a%) = i((z + %) = g Z(O‘)x = (§)a

=0

IThe map d*° will also denote the map induced by d* from A to Py ;.
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Thus D; is exactly 8;”! Similarly, if we have more variables, 8;201”) .. aéfr) can been seen as the
functional dual to (dz1)* ... (dx, )"

We are then interested in studying the map Homy (P}, A) T, Endg(A), ¢ — ¢ od™ in general.
Remark 4.3. The map ¥, is injective because d*°(A) generates P I 35 A left A-module.
Let’s try to understand the image.

Definition 4.4. We define inductively the submodules DA .. of Endy,(A): DA k: =0 and

/
Gn = {D € Endy(A) |Vf € A, [D, f] € DI}, }.

/

Proposition 4.5. For any D € Endy(A) TFAE:
(i) D e Im(\lf );
(ii) D € DA/k"
(iii) Vf1,..., fa+1,9 € A we have

o =)D ] fe] =0

HCIp41 1€eH J¢H
where Iy ={1,...,n+1}.

Proof. We start showing that (i) < (iii). For any element D € End(A) we can define a map
vp: A®r A — A that sends a ® b +— aD(b) thus such that D = ¢p 0d®>. Thus D € Im(¥,,) if and
only if p(I"t1) = 0. As I is generated as a right (even left) A-module by the elements of the form
1® f — f®1,2 the last condition is equivalent to (Vf1,... fot1,9 € A, o(IL;(1® fi — fi® 1).9) = 0).
By induction one can show that

¢D (H(l ® fi— fi ® 1)~9> = > D)L fien | JJO® )9

7 HCI, 1 i€H Jj¢H
Thus (Vf1,... far1,9 € 4, o(I;(1® fi — fi ®1).g) = 0) & (iii) as we wanted.

At the same time (ii) < (iii). Indeed, by definition, D € DA/k if and only if Vf1,... fn+1,9 € A,
[...[D, fi],...]; fut1](g) = 0. By induction we show that this last identity is the same as the one of
(iii), thus we are done. O

Definition 4.6. We denote D/, := Unen DA7k, this will be the module of differential operators

of A. Any element D € DA/k \ Dj;lk ! will be a differential operator of order n.

Remark 4.7. The module D/ inherits from Endy(A) a structure of unital, associative ring as
well as a left and right A-module structure. Moreover we can define a bracket [—, —] that endows
D 4 i with the k-Lie algebra structure.

In general, for any scheme X over k the construction we have done locally glues to the sheaves of

differential operators, denoted Dy, with filtration (J DX Ik

2To see this if Sai(fi®gi) € I with a; € k and fi,g; € A then Y aifigi =0, thus > ai(fi ®g:) = —>.(1®aifi —
aifi®1).gi.



TALK 2: DIFFERENTIAL OPERATORS 5

5. COORDINATES ON DA/k AND RELATIONS WITH THE UNIVERSAL ENVELOPING ALGEBRA

Now we want to show the following proposition, we have put in the Appendix the details on regular
sequences.

Proposition 5.1. If X is a smooth variety, for any point x € X, we can find an affine open
Spec(A) that contains x and we can find x1,...,x, € A such that for any n,

Pih= P Alds)™.. (da,)™.
ar+...+ar<n

Proof. Since X is separated the diagonal map is a closed immersion and we also know that both X
and X X X are smooth. Thus we can apply Proposition A.5 and Lemma A.6 to find an affine open
Spec(A) in X, such that I, the kernel of the multiplication A ®; A — A is generated by a regular

sequence. Let’s call it aq,...,a,, then by Proposition A.2 we obtain that
Pl = EB Aaft. . .a).
ar+...+ar<n
Now up to take a localisation of A, as X is smooth, we can find x1, ..., z, in A such that dx1,...,dz,
form a basis of /I 2. Thanks to the A-linear isomorphism that sends a; to dx; we obtain the final
result. O

Remark 5.2. The decomposition of P} Ik of the previous proposition implies passing to the dual
to a decomposition

<n _ »

Di= @ Adm..al.
Oél"l‘-u"l‘av“gn

Thus for any smooth variety locally we can just work with compositions of the operators ag(;ji)!

Finally let’s use the coordinates to understand the relations between Dy, and Uoy (Tx/k). In

any characteristic we have a canonical map Tx/, — Dxy, of left Ox-modules that commutes with

bracket, thus, by definition, we have an unique map Up (TX/k) — Dx/ that commutes with the
inclusions of Tx /.

89(;;"') = a%,@ff;, locally

<n (07 Ol
k= b aa...o

ar+...4ar<n

In characteristic 0, as

then UOX (TX/k) ; DX/k
In characteristic p, the map is neither injective nor surjective. Indeed 0 # 9%, — 0 and at the same
a(l’)

time 89(5) is not in the image. To see the last fact one can check that 0y’ is an operator of order p,
but all the differential operators coming from Up, (Tx /i) have order less than p.

APPENDIX A. REGULAR SEQUENCES

In this appendix the rings will be unital and commutative.
Definition A.1. If A’ isaring, a1, ..., a, is said to be a regular sequence of A" if Vi, A’/(aq,. .., a;) gt
A'/(ay,...,a;) is injective.
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Proposition A.2. If an ideal I of A’ is generated by a reqular sequence ay,...,a,, then
mrtt= @ (A et el
a1+...+ar=n

Proof. Let B := Zlx1,...,x,] and consider on A’ the B-module structure induced by the map
that sends x; — a;. Call J the ideal of B generated by x1,...,2,. The Z-modules J"/J"*! are
isomorphic to @ Zx{'...z8, moreover as a B-module they are isomorphic to

B B/
ar+-Far=n

To show the final result it’s thus enough to prove that for any n, J"/J"H! ®pB/J AT = I/
We start proving that Tor? (A’, B/J) = 0 with the following lemma.

ai+-Far=n

Lemma A.3. Let C be a ring and cq,...c, a reqular sequence of C, then the Koszul complex
Kcol(ei, ..., ) is quasi isomorphic to the complex concentrated in degree 0

o= 0—=0C/(c1y. o ye) >0 — -1

Proof. We recall how to construct the Koszul complex. For any i let K¢o(c;) be the complex with
C in degree —1 and 0 and the nontrivial differential equals to the multiplication by ¢;. For any ¢
we define K¢ (ci,...,¢) = Ko(a1) ®---® Kco(c), it is a complex of free C-modules. We can check
that

—e
Ko(e, ... cip1) = cone(Ke(ey, ..., ¢) — Keolet,...,c)),

thus Ko(er, ..., ¢) i Ke(ery...yc) = Ke(ery ..oy civ1) s a distinguished triangle. Until

this point we never used the fact that cq,..., ¢, is a regular sequence.

Now, to show the final statement we proceed by induction on r. If » = 1 it’s a consequence on the
hypothesis on c;. For the inductive step we use the long exact sequence in cohomology induced by the
previous distinguished triangle. We have by the inductive hypothesis that H (K (c1,...,¢)) =0,
thus we have an exact sequence

0— H_l(K(Cl,...,Cr+1)) — C/(c1,..-,¢) Jhia Cllci,...,cr) — HO(K(Cl,...,CT_H)) — 0.3

As ¢, ..., ¢4 18 a regular sequence, the multiplication by ¢,y is injective. Moreover the cokernel
is clearly C/(c1,...,¢r41), thus we are done. O

Considering the exact sequence of B-modules 0 — J"1 — Jn — J7/Jntl — 0 as J7/J"H is a
direct sum of B-modules isomorphic to B/.J, by the previous lemma TorP(A/, J*/J"*1) = 0 for
any n. Tensoring the exact sequence by A’ we obtain by induction that A’ ®p J"T! = I"*1. By the
right exactness of the tensor product, this implies that J"/J"" @p A’ = ["/I"*! but

J I @ A= J" /I @p,; Bl @ A= J" )] @p,, AT
and we are done. O

Definition A.4. Let X i) Y be a closed immersion. It is a regular closed immersion if for any x
in X, the kernel of Oy, s,y — Ox s is generated by a regular sequence.

3Notice that the positive cohomology of Koszul complex is 0 by construction
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Proposition A.5. Let (A,m4) and (B,mp) two regular local rings, and f : A — B a surjective
morphism, then I, the kernel of f, is generated by a reqular sequence.

Proof. During the proof we will use repeatedly that a regular local ring is a domain.

We can prove the result by induction on the dimension of A. If the dimension is zero, A is a field and
the proposition is true. If the dimension is bigger than zero we have two cases: 1 C mi orl € m124.
In the first case the map induced on the cotangent spaces m 4/ mi — mp/ mQB is an isomorphism,
then I = 0 (generated by the empty regular sequence) if not we would have dim(B) < dim(A) and
this doesn’t agree with the isomorphism of cotangent spaces.

If we are in the second situation we take a; € I\ (I N'm%), then R/(ay) is again a regular local
ring. By the inductive hypothesis the surjective map induced by f from A/(a1) to B has kernel
generated by a regular sequence as, ...a,. Then a1, ...,a, is a regular sequence of A. U

Lemma A.6. Let A be a noetherian ring and I an ideal of A. If p is a prime ideal of A and I, in
Ay is generated by a regular sequence then there exists f & p such that Iy in Ay is generated by a
reqular sequence.

Proof. Let ai/s1,...,a,/s, be the regular sequence that generates I, then there exists g ¢ p such
that the sequence is defined in Ag,. Let’s take the map Ay — Iy that sends any element of
the standard basis e; to a;/s; and let’s call M the cokernel of this map. We know that cokernels
commute with localisation and the induced map A, — I, is surjective, thus M;, = 0. As M is
finitely generated there exists go ¢ p such that My, is zero. Thus a1/s1,...,a,/s, generate the ideal
Iy, g, OF Agyg,-

For a similar reason, we can find g3 ¢ p such that a1/s1,...,a,/s, form a regular sequence in
Agigog;- Indeed, we know that the kernels

Nit1 := Ker (Agl/(al/sl, ceey @i/ Si) AAVAGEN Agl/(al/sl,...,ai/si)>

are zero when localized at p and they are finitely generated A, -modules because they are submod-
ules of finitely generated Ay -modules (A, is noetherian). Then we can find g3 ¢ p such that all
the localisations (NN;)4, are zero and this is exactly what we needed. O
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