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Introduction

Brauer group

Let X be a scheme,

Br(X) := H3 (X, Gmx) = Hpe (X, Gmx).

If X is a regular Br(X) is a torsion group.
Let £ be a prime number,

1— Wen x — Gm,X ﬁ) Gm,X — 1.

0 — Pic(X)/0" 2 HE ¢ (X, e x) — Br(X)[€"] = 0.
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Tate conjecture

Tate conjecture

k finitely generated field char(k) =p > 0 (e.g. Q, Fp, Fp(t),...).

ka/k algebraic closure, Ty absolute Galois group, X/k smooth proper
variety, £ # p.

Conjecture (Tate '66)

The cycle class map

NS(Xk,)g, 2 HZ (X, Qe (1))

is an isomorphism.
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Tate conjecture

Tate conjecture for abelian varieties

Theorem (Tate, Zarhin, Faltings)

If A is an abelian variety
NS(Ak, )zt = HZ (A, Ze(1)

is an isomorphism.

Corollary

The group
Br(Ay,)[>]™

is finite for every { # p.
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Tate conjecture

Tate conjecture for abelian varieties

Proof of corollary

Br(Ak,) (€] = (Q¢/Z)®*2°)
Te(Br(Ag,)) := lim Br(Ag,)[£"]

0 — NS(Ag g, 2 H2,(Ak, Qe(1))"™ — Te(Br(Ak,))[2] — 0
is exact.

c1 surjective = T¢(Br(Ag,))™ = 0 = no infinitely ¢-divisible classes in
Br(Aka)[(’,oo]rk = Br(Aka)[Boo]rk is finite. ]

4
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Tate conjecture

Transcendental Brauer group

Definition

The transcendental Brauer group of X is

Br(Xka)k = im(Br(X) — Br(Xj,)) C Br(Xka)r".

Remark
By the previous corollary, for every £ # p, Br(A,)*[¢>] is finite. J
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What does it happen when { =p > 07

Theorem
There exist abelian varieties such that

NS(Ak, )G, 2 HE oAk, @p(1)"™

is not surjective and T,(Br(Ay,))"x # 0.

We suppose
A=BxB

with B an abelian variety.
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A counterexample

Leray spectral sequence

We consider E2i'j = Hf"ppf(Bkav Rjﬂz*up ) = prpf(Ak s Hpn)

R17T2* PLp" = PiCBka/ka [pn] = B;g [Pn]
Ext = H(By,, BY[p"]) " Hom(By, [p"], B [p"])
Construction of h

By, [p"] = Hom(B [p"], G ,)
VI[T] € Hl(Bka, B,X[p”]) and S/k, scheme,

h([T1)(S) : Hom(BY [p"), Gmk,)(S) = By [p")(S)

T = T.(Ts) € H'(Bs, Gm,s)[p™

y
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A counterexample

Leray spectral sequence

R27t, 10 is represented by a linear algebraic group G/k,.
E3? = HY, ¢ (Bu,, R*mauipn) = Mor(By,, G) = Mor(0p,,, G) =
= HZ o (Br,, Hpn).

s M (A ) = H e (B 1) ®2 & Hom( By, [, BY. [p").
On the other hand,

NS(Ak,)/p" = (NS(By,)/p")®* @ Hom(Bx,, BY)/p".

~+ Enough to prove that Hom(Bj,, B;ﬁ)&’; — Hom(By, [p*™], B,X [p”])[llj]rk
is not surjective in general.
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A counterexample

Counterexample

If B is an elliptic curve with transcendental j-invariant.

Hom(Bx,, By )W =Qp

Hom(By, [p™], B [p™1)[2]™ = Hom(By, [p™], By [p™))[5] = Q,%?

P

T =

where k; C k, is the purely inseparable closure.

Conclusion

There is an additional obstruction w.r.t. the purely inseparable extension
k C k;.
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A flat Tate conjecture

A flat Tate conjecture

Hf2ppf(Akaf H’Pn)k = lm(Hfgppf(Av up") — Hfzppf(Akal }‘LP"))'

Theorem
The cycle class map

NS(A)ZD c—1> IL“ Hfzppf(Akav H'P")k

n

is an isomorphism and Br(Ay,)*[p™] has finite exponent.
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A flat Tate conjecture

Theorem (de Jong '98)
The morphism

Hom(A, AV)ZP — Hom(A[p™=], AY [p>])

is an isomorphism.

NS(A) < Hom®™(A, AY)
(L] — o¢

@ is such that
(id x@g) " Pa=A(L)

where P4 is the Poincaré bundle and A(£) is the Mumford bundle.
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A flat Tate conjecture

Constructing a morphism

Pic(A)N ——2—— H(A,Z,(1))

| o

Hom™™ (A, AY)z, = Hom™™(A[p>], A¥[p*]).

h: HA(A, Zy(1) 772 FLH2(A x A Z,(1)) — Hom(A[p™], A [p
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A flat Tate conjecture

Consequence

Definition
H2 ot (A, Zp(1)* = im(H, ¢ (A, Zp (1)) — HE (A, Zp(1)))
T,,(Br(Aka))" = im(Tp(Br(A)) = Tp(Br(Ax,))).

Proposition

The cycle class map

NS(A)z, % H (A, Zp(1))*

P

is surjective and Tp(Br(Aka))k =0.

Achtung!
Tp(Br(Ax,))* = Tp(Br(Ax,)*) ?
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A flat Tate conjecture

Consequence

Achtung!
Tp(Br(Ag,))* = Tp(Br(Ag,) ) ?

~ Br(A)[p"] = Br(A,)*[p" ?
— If yes, is the surjectivity preserved by I'Lnn?

Ka := ker(Br(A) — Br(Ax,))

0 — Br(k) —» Kqa — Hflppf(k,PiCA/k) — 0.
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A flat Tate conjecture

Solution

Theorem (Gabber, Katz)

There exists a smooth projective connected curve C with C(k) # ()
endowed with C — A such that B := Jac(C) — A.

B~ A x A’ ~ it is enough to prove the result for B.
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A flat Tate conjecture

0— F J
[ [ I
0 — Kg — Br(B) — Br(B )k — 0

a

I !

0 — Kc — Br(C) — Br(CG,)k=0 — 0

F is finite because
F = ker(Hf,¢(k, Picg k) = Hiype(k, Picc i)

is a subgroup of Hflppf(k,PicB/k/Pic%/k). Thus J C Br(B) provides a
splitting of Br(B) — Br(Bka)k up to multiplication by m for a fixed
m > 0.
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Specialisation Néron—Severi group

Specialisation Néron—Severi group

Theorem (André, Ambrosi, Christensen)

Let K be an algebraically closed field # Fp, X a finite type K-scheme, and
Y — X a smooth and proper morphism. For every geometric point 7] of X
there is an x € X(K) such that rkz(NS(Ys)) = rkz(NS(Yx)).

Counterexample

If A=¢& x &— X where & — X is a non-isotrivial elliptic scheme over
X/Fp, then

2+2=rkz(NS(Ax)) > rkz(NS(Ax)) =2+ 1.

Marco D'Addezio (IMJ-PRG) Boundedness Brauer group 7th February 2022 18 /20



Specialisation Néron—Severi group

Specialisation Néron—Severi group

Theorem

Let X be a connected normal scheme of finite type over F, with generic
point 1 = Spec(k) and let f : A — X be an abelian scheme over X with
constant slopes. For every closed point x = Spec(k) of X we have

rkz(NS(Az) ™) — rkz (NS(Aq)™) > rkz, (T (Br(Am)) ).
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