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1. CRYSTALS

1.1. Elliptic curves and Dieudonné modl_J.les. Let k be a field with al_gebraic closure k and
let E be an elliptic curve over k. The set of k-points of E, denoted by E(k), is endowed with a
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commutative group structure. For a prime number ¢ different from the characteristic of £ and for
every n > 0 there exists a non-canonical isomorphism

Ek)[" ~z/0" & 7./

This agrees with the situation over the complex numbers, where elliptic curves can be written as
quotients C/A, where A is a lattice of C. In particular, note that E(k)[¢"], as an abstract group,
does not depend on the choice of E and it has the same structure when ¢ varies. The projective

limit induced by the multiplication-by-£ maps
Ty(E) = lim E(R)[¢"]

is the f-adic Tate module of E. It is non-canonically isomorphic to Z; & Z, and it behaves like a
homology group of the curve. It is in fact the dual of the first f-adic cohomology group of Ej. The
absolute Galois group Gal(k/k) acts on Ty(E), giving rise to an ¢-adic representation

PE " Gal(l%/k:) — GL(T@(E)) ~ GLQ(Z@).

These representations are fundamental objects in number theory.

A different story happens for E(k)[p"] when k is of characteristic p. In this case, the group is a free
Z/p™-module of rank 1 or 0, depending on E. This rank, which is independent of n, is the p-rank
of E. The set of all elliptic curves over k then splits into two classes. The ones of p-rank 1 are
called ordinary, while the ones of p-rank 0 are called supersingular.

To better understand this phenomenon, it is very convenient to look at the entire group schemes
E[p"] = Ker(E 25 E).

These are finite group schemes over k of order p??, matching the -primary setting. This order is
the same for ordinary and supersingular elliptic curves. These group schemes, unlike the /-primary
situation, are not reduced. One of the aims of this course is to convince you that this is not just an
annoying pathology, but it is rather an extra feature that gives more information about the elliptic
curve than the f-primary torsion. In particular, we will see that these group schemes are the right
objects to look at to study the deformations of E.

Let us dive more into the structure of E[p"]. The multiplication-by-p map on E is faithfully flat
and it decomposes as p = VF', where F': E — E®) is the relative Frobenius and V: E® — E is
the Verschiebung. We have an exact sequence

0— EP[V] - E®)[p] L E[F] — 0.

The Frobenius is purely inseparable, which implies that E[F™] is a connected group of order p (with
no k-points). It follows that the p-rank of E is the same as the rank of E®[V](k) over Z/p. In
turn, we deduce that E is supersingular if and only if V' is purely inseparable. Since V' is of degree

1This term is not related to the notion of singularity of an algebraic variety; elliptic curves are always smooth by
definition.
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p, it is enough to check whether it vanishes at the tangent space of the identity. In turn, since F
is parallelisable, we have just proved that E is supersingular if and only if

V*: HO(E, Q) ) — HO(E, Q)@

vanishes. It is then natural to look at the behaviour of F' and V on the entire de Rham cohomology
of E.

1.1.1. De Rham cohomology. We first recall the definition of algebraic de Rham cohomology.

Definition 1.1.1. Let X — S be a smooth morphism of scheme. The algebraic de Rham coho-
mology groups of X over S are defined as the hypercohomology groups
Hip(X/8) = H'(X, Q% /s)

where 2% /s is the algebraic de Rham complex of X over S.

Remark 1.1.2. If S is the spectrum of a field and X is smooth and proper over k, these groups
are finite dimensional k-vector spaces. In addition, if k = C, Grothendieck proved that there is a
canonical isomorphism

Hir(X/C) = Hpg(X(C), C).
In this case, the algebraic de Rham cohomology groups can be seen as algebraic incarnations of the
singular cohomology groups.

Coming back to our setting, as it happens over the complex numbers, the de Rham cohomology
group HJp(E/k) is a 2-dimensional k-vector space. In addition, H}g(E/k) admits the Hodge
filtration®

Filijge = H(E, Q) C Hin(E/k)
with quotient

Hir(E/k)/Filig, = H'(E, Op).
Both H O(E,Q}E /k) and H'(E,Op) are 1-dimensional k-vector spaces. The cohomology group
H}: (E/k) admits also the conjugate filtration, which thanks to the Cartier isomorphism
C™h: Qg gy, = H(BQ )

can be written as

Fil$® = HY(E, 0p)®) C HI(E/k).
In this case, taking the quotient yields

HéR(E/k)/Fﬂionj - HO(E» Q}E/k)(p)'
The Frobenius and Verschiebung induce maps

F*: Hig(E/K)?) — HI3(E/k) and V*: Hiz(E/k) — Hig(E/k)®).

2Recall that in positive characteristic the Hodge-to-de Rham spectral sequence does not degenerate at the first
page. For example, there exist surfaces such that the E;-differential d: H°(X, Qk/k) — H(X, Qg(/k) does not vanish
[Mum61]. The spectral sequence does degenerate at the first page, for example, when X is an abelian variety, a K3
surface, or a complete intersection [Wed08].
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These maps respect the filtrations and are dual to each other via Poincaré duality. In addition,
thanks to the exact sequence of complexes

[ ] F* [ ]
0= Qo =1 = Qg . — HO(FQ,)[0] = 0,
we deduce that the Hodge and the conjugate filtrations are related by the isomorphism
(1.1) Hig (B k)" (Fillgy) " = Fili™ C Hig (E/K).
We have the following more complete characterisation of the property of being supersingular.

Proposition 1.1.3. Let E be an elliptic curve over a field k of characteristic p. The following
properties are equivalent.

1) E is supersingular.
2) The Verschiebung V: EW) — E is purely inseparable.
3) V*: HO(E,Q}E/k) — HO(E,Q}E/k)(p) is the zero morphism.

5) F*: Hiz(E/k)P) — Hl: (E/k) is nilpotent of index 2.

(

(2)

(3)

(4) F*: H(E,0p)®) — HY(E,Og) is the zero morphism.

(5)

(6) The Hodge and conjugate filtrations on Hig (E/k) coincide.

Proof. We have already discussed the equivalence of the first three properties. Thanks to Poincaré
duality (3) and (4) are equivalent. Property (4) implies that F*: His(E/k)®) — Hls(E/k) is
nilpotent of index at most 2. To exclude index 1 we note that F* can not vanish thanks to
(1.1). Thus (4) = (5). Property (5) implies Im(F*)®) = Ker(F*), which in turn implies (6)
thanks to (1.1). Finally, if (6) holds, then Im(F*) = Fil®" = Filj,; hence the induced map to
HéR(E/k‘)/Filhdg = H'(E,Op) vanishes, which is (4). O

1.1.2. Torsion Dieudonné modules. Proposition 1.1.3 shows that the k-vector space HéR(E/k:)
together with F™* and V* encodes important information about the p-torsion of E. This is the
first example of a torsion Dieudonné module. Let us present torsion Dieudonné modules when k is
perfect.

Definition 1.1.4. We define
Dy = W{F,V}/(FV —p,VF —p),

where W is the ring of Witt vectors of £ with Frobenius lift ¢ and F,V are two non-commuting
variables satisfying F'-a = o(a)- F and V -o(a) = a-V for every a € W. The ring Dy, is called the
Dieudonné ring of k. A finite W-length left Dy-module is a torsion Dieudonné module over k.

Example 1.1.5. The groups Hl (E/k), H(E, Q}E/k), and H'(E, Og) are torsion Dieudonné mod-
ules over k with the action of F' and V given by the maps F* and V* defined above. Moreover,
if G is a commutative finite group scheme over k and wg/y, is pullback of the sheaf of differentials

Qé Jk to the identity section of G, the Frobenius and Verschiebung of G induce maps

F*: wg)/)k —wge and V*:iwgy — wg)/)k



CRYSTALS AND PARABOLICITY CONJECTURE 5

which make wg/ into a torsion Dieudonné module over k. If M is a torsion Dieudonné module
over k, the dual M := Homy (M, K/W), where K is the fraction field of W, is also a torsion
Dieudonné module over k with the action of F' and V given by (F - f)(x) = o(f(V - z)) and

(V- fla) =" (f(F-2)).
We are now ready to state the main result of this lecture.

Theorem 1.1.6 (Dieudonné, Cartier, Oda). Let k be a perfect field of characteristic p. There is
an ezxact equivalence of abelian categories

D: {Commutative finite group schemes over k of p-power order}°® = { Torsion Dieudonné modules over k}
satisfying the following properties.
(1) G has order p™ if and only if lengthy, (D(G)) = n.
(2) D(G)/F(D(G)) = weyk-
(3) D(GY) =D(G)Y, where GV is the Cartier dual of G.
(4)

4) For an abelian variety over k, there is a canonical isomorphism

D(A[p]) = Hir(A/k)

as Dy.-modules.

Example 1.1.7. Here are some examples of Dieudonné modules.
— D(pp) = wy,,/x 1s isomorphic to k with ' =0 and V = o L.

— D(Z/p) = D(up)" is isomorphic to k with F' = o and V = 0.

— D(ap) = wa, /k is self-dual, thus it is isomorphic to k with F'=0 and V' = 0.

— If E is ordinary and k is algebraically closed, then D(E[p]) = k & k with

o 0 0 0
F_<0 0) and V—<0 01>.

The two summands correspond to
Fil{™ C Hip(E/k) and Fill,, C Hig(E/k).
In this case, E[p] = pp, X Z/p.
— If F is a supersingular elliptic curve over k, putting together Proposition 1.1.3 and Theorem

1.1.6, we get that D(E[p]) = k& k with F' and V nilpotent of index 2. We deduce the exact
sequence

0 — D(a) — D(E[p]) = D(er) — 0,

which shows that E[p] is a non-trivial extension of oy, by a,.

When k is not perfect, for example when k = F,(t), a variant of Theorem 1.1.6 is still valid.
Nonetheless, in this situation, the action of F' and V on H}y(E/k) is not enough to recover E[p].
One needs to further endow the modules with a connection. Let us explain where this connection
comes from.
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1.1.3. Gauss—Manin connection for elliptic curves. Relative de Rham cohomology of a smooth and
proper morphism is endowed with the Gauss—Manin connection. For elliptic curves, this connection
is quite explicit. If we write f: E — Spec(k) for the structure morphism, there is a natural exact
sequence of complexes (exercise)

(1.2) 0— f* Qk/F ® O [—1] = K* = Q% — 0,
where
K® =0 — Q}E/]Fp — Q%E/Fp/f*Qi/Fp —0—---
After applying Rf, to (1.2), the connecting morphism
Van: Ry — R Qyp, © Q) = Q e, @ RUEQ),

is a flat connection on the vector bundle R!f,S B = H, I (E/k). This is called the Gauss-Manin

connection on Hlz (E/k). If k has a finite p- bas1s the datum of (Hz(E/k), F,V, V) is enough
to recover E[p] as a group scheme over k. From this description, it is not hard to see that the
Gauss—Manin connection preserves the conjugate filtration.

Lemma 1.1.8. The conjugate filtration on H&R(E/k‘) is preserved by the Gauss—Manin connection.

Proof. Exercise. Hint: Look at F*: (K*)?) - F,K*. O

In order to study more in general the p™-torsion of abelian schemes over general bases (and other
p-torsion and p-adic phenomena in algebraic geometry) Grothendieck introduced the theory of
crystalline cohomology and crystals, which provides a p-adic lift of de Rham cohomology and
Gauss-Manin connections to Zj, and allows extensions of Dieudonné theory to more general bases.
We will give a quick introduction to this theory in the next sections.

1.2. The crystalline site. Grothendieck’s point of view on de Rham cohomology is that flat con-
nections are vector bundles endowed with some infinitesimal descent datum. With this viewpoint,
Taylor series become a way to describe the relation between two infinitely close points. Crystals
are a similar notion, where the infinitesimal neighborhoods are replaced by PD-thickenings, which
are better suited to deal with Taylor series. Indeed, they solve the lack of operations like ‘% over

general rings.

Definition 1.2.1. A PD-structure or divided power structure on an ideal I of a ring A is a collection
of maps v, : I — I for n > 1 satisfying the following axioms for all a € A, z,y € I, and m,n > 1,
with the convention that vy (z) == 1.

(1) n(z) ==

(2) oz +y) =20 vi(T)1n—i(y)-
(3) m(ax) = a™yn(z).

(4) V(@) (@) = ("5™) Yman ().
(5)

5) Y (1 () = Yo ().
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A crystalline extension® is the datum of an Fp-algebra A, a surjective morphism of Z)-algebras
B — A with p € Nil(B), and a PD-structure v on Ker(B — A) such that v,(p) = p™/n! for every
n > 0.

If X is a scheme over F,, we denote by Xcis the opposite of the category of crystalline extensions
endowed with an open immersion Spec(A) < X. We endow it with the Zariski topology. The site
Xeis is the (small affine) crystalline site* of X. The structure sheaf Ouis of X is defined by
Oeris(B — A, ) = B. The cohomology groups H*(Xcyis, Ocris) are called the crystalline cohomology
groups of X. The absolute Frobenius morphism F': X — X induces a morphism of sites F': X5 —
Xeris which endows crystalline cohomology groups with a fundamental Frobenius action. See [Ber74]
and [Stacks, Tag 07GI] for more details.

Remark 1.2.2. If (B — A,7) is a crystalline extension, then Ker(B — A) C Nil(B). Note also
that for every F,-algebra A and a surjective morphism B —» A such that Ker(B —» A)? = 0, there
exists a trivial PD-structure such that 4V (z) = 0 for every x € Ker(B — A) andn > 2. If pis odd,
AV satisfies in addition the condition vV (p) = p"/n! for every n > 0, giving rise to crystalline

extensions. For higher order thickenings, the existence of a PD-structure is not guaranteed.

Definition 1.2.3. If F is a sheaf of Ogis-modules on X5, we denote by Fp the B-module
F(B — A,7v). A finitely presented quasi-coherent Ogis-module F over X5 is a crystal if it
satisfies the following rigidity condition. For any morphism (B" — A’,9') — (B — A,7v) in Xis,
the comparison map

FB®p B — .7:31

is an isomorphism. We denote by Crys(X) the category of crystals over X. This is a Zy-linear
abelian category. The category Isoc(X) of isocrystals over X is the category Crys(X) ®z, Qp
obtained by keeping the objects unchanged and setting

Homlsoc(X) (MvN) = HomCrys(X) (MvN) Xz, QP
for every M, N € Crys(X).

Example 1.2.4. If X = Spec(R) for a perfect ring R, then (finitely presented) crystals over X
are equivalent to finitely presented modules over the ring of Witt vectors W (R). Another situation
where crystals can be easily described is when R is semi-perfect, i.e. the absolute Frobenius
morphism R — R is surjective. In this case, crystals over Spec(R) are equivalent to finitely
presented modules over Ais(R).

1.3. Crystals as flat connections. On a smooth scheme over a perfect field, crystals can be
locally described in a more concrete way using modules with integrable connections.

3In the literature this corresponds to the definition of an affine PD-thickening over (Z,), (p)). We prefer this more
compact notation.

4n what follows, if X = Spec(C) is affine, one can replace Xais with the smaller site of crystalline extensions
(B — A,~) such that A =C.


https://stacks.math.columbia.edu/tag/07GI
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Let A be a smooth k-algebra such that Q}4/k is a free A-module with basis dz1, ..., dz,. Let A be
a p-complete flat lift of A to W. Choose lifts #; € A of z; € A and let

_— .
QA/W = @Adxl
=1

be the p-adically completed sheaf of differentials. For a finitely generated module M with flat

connection
) Ol
V.M%M@AQA/W,
there exist unique derivations Vp, : M — M such that V(m) = > Vo, (m) ® dz;. These are the
covariant derivatives of V with respect to 0y,,...,0s, .

Definition 1.3.1. A (finitely generated) topologically quasi-nilpotent flat connection over Ais a
finitely generated A-module M equipped with a flat connection

ViMoo Me; QY

such that for every m € M, the reduction modulo p of Va,, isa nilpotent AP-linear endomorphism
of M/pM for every i.

Theorem 1.3.2. The category of (finitely generated) crystals over Spec(A) is equivalent to the
category of (finitely generated) topologically quasi-nilpotent flat connections over A.

Idea of the proof. Let B := Ale]. A derivation 9: A — A corresponds to a morphism of rings
A — B defined by a — a + d(a)e. We write

fo: (B = A4"™) = (A A4"™)

for the associated morphism in the crystalline site of Spec(A). For a crystal M, write M = M(A —
A, 4"V) and N = M(B — A,y"). By applying the crystal property for fy and fs (where g stands
for the 0-derivation) we get a B-linear isomorphism

to: faM = N = fGM = M.

The connection attached to M, when reduced modulo p, is of the form (M, V). For m € M and 0
a derivation, we have the fundamental relation

ta(m ® 1) =m+ Vy(m)e.
The identity am ® 1 = m ® (a + 0(a)e) in f;M gives the Leibniz rule
Va(am) = aVa(m) + d(a)m.

This makes explicit the idea that a connection is a rule that tells you how to deform elements of a
module when moving between infinitely close points. The PD-structures are then needed to pass
from first order thickenings to higher order thickenings via the theory of Taylor expansions. O

Example 1.3.3 (Kummer connection). Let X = Spec(F,[z,z71]). A p-adic lift is X = Spf(fl),
where A is the p-adic completion of Z,[z, 27 1. A crystal on X corresponds to a finitely generated
A-module M with a connection V : M — M ® A dz such that V is topologically quasi-nilpotent. For
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example, for n prime to p, we can take V: A — A dz to be the connection such that V(1) = —%d?x.
This connection is topologically quasi-nilpotent because

Vo,: Fplz, 27 — Fylz, 2™
is a nilpotent F,[xP, z7P]-linear endomorphism of index p (check it on the basis 1,271, ... z7PT1).

Remark 1.3.4. (Finite p-basis) Let A be an Fp-algebra. A p-basis of A is a subset {z;};c; C A
such that the monomials Hie I xfl with 0 < e; < p—1 form a basis of A as an AP-module. Such
rings admit flat p-complete lifts to Z,. If A is a smooth algebra over a perfect field, then Zariski
locally it admits a finite p-basis. A ring like F[[z]] also admits a finite p-basis even if it is not of
finite type over IF,. Theorem 1.3.2 still holds for these rings.

2. CRYSTALLINE DIEUDONNE MODULES AND OVERCONVERGENCE

2.1. p-divisible groups. It turns out that by replacing the p™-torsion of an abelian variety with
the inductive system of p™-torsion for all n, one gets a much better behaved object. This leads to
the notion of p-divisible groups, which is the main object of study in this section.

Definition 2.1.1. Let X be a scheme and p be a prime. A p-divisible group (also called a Barsotti—
Tate group) of height h over X is a sheaf of abelian groups G on the big fppf site of X such that
the following conditions hold.

(1) G =lim Glp")

(2) G b, G is surjective.

(3) G[p"] is finite and locally free® over X of order p™* for every n > 1.

If G is a p-divisible group, its Cartier dual GV is defined as ligng[p"]v, where the transition

maps are given by the dual of the multiplication-by-p map. We also denote by wg,x the limit
: *O)1
Hm e Qg x-
Example 2.1.2. Here are the main examples of p-divisible groups.
— The constant p-divisible group Q,/Z, = %ﬂn Z]p"Z.
— The multiplicative p-divisible group pipe = hgn pr -
— If A is an abelian scheme over X, then A[p™] = lim A[p"] is a p-divisible group.

The Cartier dual of Q,/Z,, is pie, and the Cartier dual of A[p™] is AY[p*°], where AV is the dual
abelian scheme.

Note that passing from the p™-torsion to the p>-torsion, in characteristic p (and more generally
when p is nilpotent in X) replaces the non-reduced group scheme

ppr, = Spec(Fyp[t]/ (7 — 1))
with the smooth formal group
pipoe 7, = SPE(Fp[[t —1]]).

STt is enough to assume this condition when n = 1.
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This is one of the main reasons why p-divisible groups are better behaved than finite flat group
schemes of p-power order. Another main motivation to introduce p-divisible groups is that they
control the deformation theory of abelian schemes. More precisely, we have the following result.

Theorem 2.1.3 (Serre-Tate). Let X be a scheme on which p is locally nilpotent, and let Xog — X
be a closed immersion defined by a nilpotent ideal sheaf. Let Ag be an abelian scheme over Xj.
Then the natural functor

{Lifts of Ag to X} — {Lifts of Ao[p™] to X'}
induces a canonical equivalence of categories.

Corollary 2.1.4. For a perfect field k of characteristic p, the formal deformation functor of an
abelian variety Ag/k over W is naturally isomorphic to the formal deformation functor of its p-
divisible group Ag[p>°] over W.

By extending Dieudonné theory to a relative setting using crystals, we can give a more explicit
description of the deformation functor of p-divisible groups and thus of abelian varieties.

Definition 2.1.5. Let X be a scheme over F,. A (crystalline) Dieudonné module over X is a
triple (M, F, V') where M is a locally free crystal over X, and F : F*M — M and V : M — F*M
are maps such that FV = VF = p. We denote by DM(X) the category of Dieudonné modules
over X. There is a similar notion of a dual Dieudonné module M" with underlying crystal the
internal hom Hom(M, Ois) and the action of F and V is such that (F' - f)(x) = f(V - x) and

(V- f)z) = f(F - x).
Theorem 1.1.6 extends to a relative setting as follows.

Theorem 2.1.6 (Grothendieck, [Mes72, Thm. V.1.6], [BBMS&2], [dJ95]). Let X be a smooth scheme
over a perfect field of characteristic p. There is an exact equivalence

D: {p-divisible groups over X }°* ~ DM(X)

satisfying the following properties.
(1) G is of height h if and only if D(G) is of rank h.

(2) D(GY) =D(G)".
(3) If f+ A— X is an abelian scheme over X, there is a canonical isomorphism

D(A[poo]) = le*ocris-

(4) For (B — A,v) € Xuis and a lift G of Ga to B, there is a canonical Hodge filtration

0 — wg/p = D(G)B = wgy 5 — 0.
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(5) For (B — A,v) € Xeis whose divided powers are nilpotent’, the lifts of Ga to B are in
bijection with the lifts of the Hodge filtration of D(G)a to D(G)p.

Corollary 2.1.7. Let G be a p-divisible group over a perfect field k of characteristic p of height h
and dimension d := dimy, wg /. Then the formal deformation functor Def(G /W (k)) is representable
by a smooth formal scheme over W (k) of dimension d(h — d). In other words, Def(G/W(k)) is
non-canonically isomorphic to Spf(W (k)[[x1, ..., Tan—a)l])-

Proof. Apply Theorem 2.1.6(5) successively to square-zero divided-power thickenings. The usual
induction on the length of an Artinian base shows that deforming G has the same infinitesimal
lifting theory as deforming its Hodge filtration. The latter is the formal deformation functor of
the point defined by the Hodge filtration in Gr(d, h)w. This is a smooth formal scheme over W of
dimension d(h — d). O

Example 2.1.8 (Families of ordinary elliptic curves). Let X be a smooth connected scheme over a
perfect field k of characteristic p and let f: &€ — X be a family of ordinary elliptic curves, meaning
that for every closed point x € X, the fiber £, is an ordinary elliptic curve. Then the p-divisible
group G = £[p™] sits in the exact sequence

0—-G°—=G—G% -0,

where G° is the connected component of G and G% is the maximal étale quotient. Both G° and Gét
are p-divisible groups of height 1. The former is isomorphic to iy when base changed to every
k-point of X, while the latter is pointwise isomorphic to Q,/Z,. The Dieudonné module D(G) can
be then written as an extension

0 — D(G®) — D(G) — D(G°) — 0,

which is a p-adic lift of the conjugate filtration on HJy(€/X) when X is affine. If the Serre-Tate
deformation parameters of the family are non-constant, then this extension is non-trivial as an ex-
tension of Dieudonné crystals. Indeed, an F- and V-compatible splitting would, by Theorem 2.1.6,
split the connected—étale extension of the p-divisible group, whereas the Serre-Tate parameter
measures precisely this extension class’.

Example 2.1.8 highlights a difference with the /-adic world, where R! f,Q; for a non-isotrivial family
of ordinary elliptic curves is irreducible. More generally, we have the following fundamental result
on the structure of ¢-adic cohomology of smooth proper morphisms over IF),.

Theorem 2.1.9 (Deligne’s semi-simplicity theorem, [Del80, Cor. 3.4.13]). For any smooth proper
morphism f:Y — X of smooth schemes over F, the lisse Qq-sheaves R f.Qq are semisimple.

6If I := Ker(B — A) and I} is generated by products Yn, (1) - - - Yn,. (z,) With ny + --- 4+ n, > n, we ask that
I™ = 0 for n > 0. This hypothesis cannot be omitted. At p = 2, the canonical divided powers on (2) C Z/4Z are
not nilpotent, and classification by the lifted Hodge filtration fails for arbitrary p-divisible groups. Variants remain
valid under connectedness hypotheses, see [Vas13, §1.2.1]. The unrestricted theory at p = 2 is naturally formulated
using Dieudonné displays, see [Laul4].

TAn abelian scheme A — X is isotrivial if, after a finite étale cover X’ — X, its pullback becomes constant.
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Thanks to the parabolicity theorem, we now have a way to determine precisely the relation between
the behavior of D(G) and R! f,Qy for an abelian scheme over X whose Newton polygon is constant,
using also Theorem 2.5.2. To state the theorem we need to introduce the notion of the slope
filtration of an F-isocrystal, overconvergent F'-isocrystal, and monodromy groups.

2.2. F-isocrystals and the slope filtration. In the f-adic setting, the category of lisse Q-
sheaves is a monoidal rigid Q-linear category. When the base is connected, it also admits a fibre
functor given by the stalk at a geometric point. Thus it is a neutral Tannakian category.

The category of crystals over any base is a monoidal category, and the Frobenius endofunctor F*
is monoidal. Nonetheless, the category of Dieudonné modules is not a monoidal category as the
structure maps F' and V are not naturally defined on a tensor product in a way that preserves
the condition F'V = p. However, if we forget the V-structure, we get a monoidal category of F'-
crystals, which are crystals equipped with a Frobenius structure ®: F*M — M that becomes an
isomorphism after inverting p. In order to have an abelian category and to have a notion of duals,
we need to invert p. This leads to the following definition.

Definition 2.2.1. Let X be a scheme over F,. We write Isoc(X) for the category of finitely
presented crystals up to isogeny. An F'-isocrystal over X is an isocrystal M equipped with an
isomorphism ®: F*M = M. We denote by F-Isoc(X) the category of F-isocrystals over X.

Proposition 2.2.2. If X is a smooth variety over a perfect field k of characteristic p, then the
categories Isoc(X) and F-Isoc(X) are rigid monoidal abelian categories. In addition, Isoc(X) is
K-linear and F-Isoc(X) is a Qp-linear category. If X is geometrically connected, then Isoc(X) and
F-Isoc(X) are Tannakian categories over K and Q,, respectively.

Remark 2.2.3. The evaluation at a perfect point x gives a fibre functor for Isoc(X) after extending
scalars to K = W (k(x))[1/p]. The category F-Isoc(X), instead is in general non-neutral over Q,.

When k is a perfect field, the category Isoc(k) is equivalent to the category of finite-dimensional
K-vector spaces. Consequently, an object of F-Isoc(k) corresponds to a finite-dimensional K-vector
space V equipped with an isomorphism ®: o*V = V, where o is the Frobenius automorphism of
K. If k is also assumed algebraically closed, one has the following fundamental diagonalisation
result for F-isocrystals.

Theorem 2.2.4 (Dieudonné-Manin). If k is algebraically closed, then every F-isocrystal (M, ®)
over Spec(k) decomposes as
M= M,

acQ
where M, denotes the K-linear subspace generated by vectors v € M such that ®"(v) = p’v for
r>0,s€Z,ands/r =«. In addition, M, decomposes as a direct sum of F-isocrystals isomorphic
to K{F}/(F" — p®) with Frobenius given by F -a = o(a) - F, where r > 0 and s are chosen with
ged(r,s) = 1.

Definition 2.2.5 (Slope). For an algebraically closed field k of characteristic p, the set of slopes of
an F-isocrystal (M, ®) over k is the set of rational numbers « such that M, # 0. The multiplicity
of a slope « is defined as the dimension of M. For a general field k, the slopes of an F-isocrystal
are defined as the slopes of its base change to k.
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It is useful to present the slopes of an F-isocrystal in a graphical way using the Newton polygon.

Definition 2.2.6 (Newton polygon). Let (M, ®) be an F-isocrystal over a field k of characteristic
p. Let a1 < ag < -+ < ayy, be the distinct slopes and let dy, ..., d,, be the multiplicities of these
slopes. The Newton polygon NP(M, ®) is the convex polygonal line in R? starting at (0,0) whose
consecutive segments have slopes ay, ..., a,, and horizontal lengths di,...,d,. Equivalently, its
vertices are the points

7 7
Pi=>"d;, Y aydj|, i=0,1,....,m.
j=1 j=1

Example 2.2.7. For an elliptic curve F over an algebraically closed field k of characteristic p, let
(M, ®) be the rationalised Dieudonné module D(E[p>])[1/p]. The example discussed in Example
1.1.7 lifts in the following way.

— If F is ordinary, then M = K @& K with

o 0
¢= <0 pa) ’
In this case, the slopes of (M, ®) are 0 and 1.

— If F is supersingular, then M is again of dimension 2 and there exists a basis such that

(0 po
cp_(a 0).
1

In this case, the slope of (M,®) is 5 with multiplicity 2. In contrast to the Dieudonné
module of E[p], the F-isocrystal (M, ®) is irreducible.

Here are the two possibilities for the Newton polygons.

ordinary supersingular

When £ — X is a family of elliptic curves with connected basis and ordinary generic fibre, there
exists a maximal closed subscheme Z C X where the fibres are supersingular. This is called the
supersingular locus. The complement of Z, denoted by U, is the ordinary locus. The Newton
polygon of D(E[p™])[1/p] is constant on U, but it jumps at the points of Z. In particular, the
Newton polygon is not locally constant in general. The filtration on D(E[p™]) we discussed in
Example 2.1.8 does not extend to the whole X. This is a special case of the following fundamental
results.

Theorem 2.2.8 (Grothendieck, [Kat79, dJOO0O0]). Let X be a smooth variety over a perfect field
of characteristic p, and let (M, ®) be an F-isocrystal over X. The Newton polygon of (M, ®) is
an upper semicontinuous function for the Zariski topology of X with locally constant endpoints.
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In addition, the locus where the Newton polygon differs from its value at the generic point, if
non-empty, has pure codimension 1.

In the loci where the Newton polygon is constant, we have the following structure theorem for
F-isocrystals, which can be seen as a generalisation of the Dieudonné—Manin classification to a
relative setting.

Theorem 2.2.9 ([Kat79],[Ked22], [Tsu2l, Cor. 2.6]). Let X be a smooth variety over a perfect
field, and let (M, ®) be an F-isocrystal over X with constant Newton polygon. Then there ezists a
unique filtration

0=Sp(M) € Si(M) S -+ C Sp(M) =M

by sub-F-isocrystals such that each graded piece S;(M)/S;—1(M) has pure slope o for every geo-
metric point of X and a1 < ag < -+ < Q.

2.3. Newton stratification for .4,. This section is an interlude on the geometry of the moduli
space of abelian varieties in characteristic p and its stratification by Newton polygons. This is a
fundamental application of Theorem 2.2.8. It can be skipped at first reading.

We denote by A, the moduli space of principally polarised abelian varieties of dimension g over
E,. For a point = € Ag(Fp) corresponding to an abelian variety A,, we consider its p-divisible
group A;[p>] and the associated Dieudonné module D(A,[p>°]). After inverting p, we obtain an
F-isocrystal (M, ®,) over F, of rank 2g. The Newton polygon NP(A,) of A, is defined as the
Newton polygon of (M, ®,) as in Definition 2.2.6. It is a convex polygon with breakpoints at integer
coordinates, starting at (0,0) and ending at (2g,g). Its slopes are symmetric under « <> 1 — «,
because a polarisation identifies A, with its dual up to isogeny.

Definition 2.3.1. Let v be a Newton polygon. The Newton stratum associated to v is the locally
closed subvariety N, C A, such that

N (Fp) = {2 € Ay(Fy) | NP(4y) = v}
The existence of N, is a consequence of Theorem 2.2.8.

Example 2.3.2 (g = 1). For elliptic curves, there are only two possible Newton polygons: the
ordinary one with slopes 0 and 1, and the supersingular one with a single slope 1/2 of multiplicity
2. The ordinary locus is open and dense in Ay, while the supersingular locus consists of a finite set
of points.

Example 2.3.3 (g = 2). For principally polarised abelian surfaces, there are three possible Newton
strata.

— Ordinary: slopes 0,0, 1, 1.

— Almost ordinary: slopes 0,1/2,1/2,1.

— Supersingular: slopes 1/2,1/2,1/2,1/2.
The ordinary locus is open and dense; the supersingular locus is closed of dimension 1 and is a

union of rational curves meeting at superspecial points; the almost ordinary stratum has dimension
2 and it is smooth and irreducible [CO11, Thm. A].
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2.4. Overconvergent F-isocrystals. While F-isocrystals should be the analogue of lisse ¢-adic
sheaves, as we have seen they exhibit some different behaviours (see Example 2.1.8 and the discus-
sion after it). Berthelot introduced the notion of overconvergent F-isocrystals, which have better
cohomological properties and have closer ties with f-adic sheaves. These are defined using the
language of rigid analytic geometry. A more algebraic definition of overconvergent F-isocrystals is
obtained using a variant of the crystalline site called the marked crystalline site [D’A].

2.4.1. Qverconvergent F'-isocrystals. To present this concept, we start again with a concrete exam-
ple. Assume that p > 2 and put
X =P;\{0,1,00}.
Consider the Legendre family f: & — X. The scheme X has an evident smooth lift
Xw = Pjy \ {0,1, 00}.

Indeed, the three boundary points lift to the pairwise disjoint sections 0, 1, and oo of IP’%,V, and
removing these sections commutes with reduction modulo p. Let X’W denote its p-adic completion.
Its rigid generic fibre is

X =P\ (D(0,1) UD(1,1) U D(c0, 1)).
By Theorem 1.3.2, the F-isocrystal M := D(E[p*])[1/p] defines a connection with Frobenius on X.

Let Z C X be the supersingular locus of the Legendre family. It is a nonempty finite set, namely
the zero locus of the Hasse invariant of the family. After replacing k by a finite extension, we may
write

Z ={ai,...,a,} C X (k).
Choose lifts a; € W of the points a;. Under the specialization map, the point a; corresponds to the
open p-adic unit disk

o

]ai[: D(fbi, 1) = {t ex ‘ ’t — ai‘ < 1}.
Consequently, the tube of the supersingular locus is the disjoint union
3 =)7[=[[ D(@.1).
i=1
Let
U=X\Z
be the ordinary locus. Its tube is
U=U[=%\ 3.

Thus, in the rigid-analytic space X, passing from X to its ordinary locus amounts to removing the
open unit disks corresponding to the supersingular points.

For 0 < p < 1, with p sufficiently close to 1, consider
T
8, =X\ [[ D@, p).
i=1

We then have
ucu,cx.
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The space 4, is obtained from i by adjoining, inside each supersingular disk, an annular region
Wi(p, 1) ={t|p<|t—a <1}
Over the ordinary locus U, the F-isocrystal M admits a slope 0 subobject
Mo C M|y

It defines a connection with Frobenius on . A fundamental observation, due to Dwork, is that
M does not extend, as a connection with Frobenius, to any of the (strict) neighbourhoods ,, no
matter how close p is to 1. In other words, the slope 0 part cannot be analytically continued across
even an arbitrarily small annular region inside the supersingular disks. Notice that the obstruction
does not come from the full F-isocrystal M: the latter is defined across the supersingular locus, on
all of X. It is the slope decomposition on the ordinary locus that fails to extend across the points
where the Newton polygon jumps. In addition, M extends to sufficiently small annuli around 0, 1,
and oo. Thus M has an extra p-adic extension property, which the slope 0 subobject does not.

According to Berthelot’s definition, an overconvergent F-isocrystal on U relative to X is represented
by a flat connection with Frobenius on some neighbourhood i, of & in X. Dwork’s observation
therefore says that Mg is an F-isocrystal on U which is not overconvergent relative to X. This
phenomenon, which has no direct f-adic analogue, is one of the main reasons for distinguishing
overconvergent F-isocrystals from arbitrary F-isocrystals.

In general, for any open immersion U C Y of varieties, Berthelot constructed a category of overcon-
vergent F-isocrystals on U relative to Y. We denote by F-Isoc (X) the category of overconvergent
F-isocrystals with respect to a compactification X <+ X. Berthelot proved that this category is
independent of the chosen compactification [Ber86]. There is a natural restriction functor

F-Isoc'(X) < F-Isoc(X),

which is fully faithful when X is smooth by [Ked04]. An F-isocrystal in the essential image of this
functor is called t-extendable. If X is separated and of finite type, every overconvergent F-isocrystal
€ on X has finite-dimensional rigid cohomology, both with and without compact supports [Ked06a).
Overconvergent F-isocrystals satisfy a Lefschetz trace formula [EL93] and are the correct objects
for the Langlands correspondence [Abel8].

2.5. Monodromy groups. Lisse Qs-sheaves can be described as representations of the étale fun-
damental group. The image of such representation measures the “size” of the variation of the sheaf.
For F-isocrystals we do not have such a representation, but we can use the Tannakian formalism.
This helps to understand the relation between F-isocrystals and overconvergent F-isocrystals.

Definition 2.5.1. Let X be as above, and let M € Isoc(X). Denote by (M) the Tannakian
subcategory generated by M (the smallest full subcategory containing M that is closed under
subquotients, direct sums, tensor products, and duals). For a fiber functor coming from a perfect
point x, put K, = W(/@(x))[%] The monodromy group G(M, z) is the algebraic group scheme over
K, of tensor automorphisms of the restriction of the fibre functor to (M). By Tannaka duality, we
have that

(M)@K K, = Repg, (G(M, x)).
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The same definition applies to overconvergent isocrystals, giving the monodromy group G(M!, ).
If M is constant (it comes from the base field), then G(M,x) is trivial. If M varies non-trivially,
then G(M, z) can be large.

One of the motivations for studying monodromy groups of overconvergent F-isocrystals is the
following independence-of-¢£ phenomenon.

Theorem 2.5.2 ([D’A20]). Let f: Y — X be a smooth proper morphism of smooth varieties over
F,, let £ # p, and assume that X is geometrically connected. For every x € X(F,) and i > 0 and
after choosing an isomorphism Q, ~ K, the groups

G(R'f.Qq )G, and G(R'f.0",2)%
are non-canonically isomorphic.

This theorem allows us to transfer knowledge about ¢-adic monodromy to the p-adic setting. In
the next lecture, we will see how the parabolicity conjecture can be combined with Theorem 2.5.2
to determine the monodromy groups of D(A[p>°]) for any abelian scheme A — X with constant
Newton polygon.

3. PARABOLICITY CONJECTURE AND APPLICATIONS

3.1. The statement. Let X be a smooth geometrically connected variety over a perfect field k,
and let (M, ®) be an overconvergent F-isocrystal over X. Denote by (M, ®) the associated F-
isocrystal (the image under the restriction functor). Assume that (M, ®) has constant Newton
polygon, so it admits a slope filtration Se(M). Fix a perfect point = of X. Recall that we have two
monodromy groups: the overconvergent monodromy group G(Mf, z) and the monodromy group
G(M, z). There is a natural inclusion

G(M,z) C GMT, z).

Theorem 3.1.1 (Parabolicity conjecture, [D’A23]). The inclusion G(M,z) C G(M', z) identifies
G(M, ) with the stabiliser of the slope filtration of M. Moreover, if MT is semi-simple, then
G(M, ) is a parabolic subgroup of G(MT,x).

Example 3.1.2. In the situation of Example 2.1.8, assuming that the family is non-isotrivial and
has full geometric monodromy, if M := ]D)(S[poo])[%] = le*OcriS[%] and MT = R f,O%, then the
containment

G(M,z) C GM', )
corresponds to

By C SLy,

where Bs is the Borel subgroup of SLs consisting of upper triangular matrices. The tautological
representation of SLo is irreducible, while By admits a non-trivial subrepresentation of rank 1 which
does not have any retraction. Thus the knowledge of the monodromy groups in particular recovers
the fact that M is irreducible (see §2.4.1), while M admits a non-trivial filtration.

Theorem 3.1.1 should be seen as a “big monodromy” result for F-isocrystals. It can be used, for
example, to prove the semi-simplicity of the graded pieces of the slope filtration, as we will see in
the next section.
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3.1.1. Monodromy of the graded object. In the situation of Theorem 3.1.1, suppose that M is
semi-simple. Then G(M,z) C G(MT,z) is a parabolic subgroup. We can consider the Levi
decomposition of

(3.1) GM,z)=UxL

associated to the slope decomposition of x. In other words, L is the subgroup of G(M,z) that
respects the slope decomposition of M,, while U is the unipotent radical of G(M,z). If N is
the graded object associated to the slope filtration of M, then L is the monodromy group of N.
In particular, since L is reductive, then N is a semi-simple isocrystal. This proves the following
corollary of Theorem 3.1.1, which is a p-adic analogue of Theorem 2.1.9. The slope grading is a
tensor grading of the fibre functor, so its cocharacter lies in G(M?, z); this is what identifies L as
a Levi subgroup.

Corollary 3.1.3. Let X be a smooth geometrically connected variety over a perfect field k, and
let (M, ®) be a semi-simple overconvergent F-isocrystal over X with constant Newton polygon.
For every i > 0, the quotients S;(M)/Si—1(M) of the slope filtration of M are semi-simple F -
isocrystals. In particular, this applies to R' f,OV for an abelian scheme f:Y — X with constant
Newton polygon by [D’A23, Theorem 5.1.6].

3.2. f-hulls and the slope filtration. We will not try to give a complete proof of Theorem 3.1.1
in these notes, but we will explain in detail the role of T-hulls of sub-F-isocrystals.

Definition 3.2.1. Let (M, ®) be a f-extendable F-isocrystal over X and let (N, ®) be a sub-
F-isocrystal of (M, ®). The f-hull of (N, ®) C (M, ®) is the smallest f-extendable subobject of
(M, ®) containing (N, ®). It is denoted by (N, ®).

The reason for this notion is the following key result.

Theorem 3.2.2 ([Tsu23, Proposition 6.1] for curves, [D’A23, Theorem 4.1.3] in general). Let
(N, ®) C (M, ®) be an inclusion of F-isocrystals over X. If (M,®) is T-extendable and has

constant Newton polygon, then S1(N) = S1(N).

Assuming Theorem 3.2.2, we can give a sketch of the proof of Theorem 3.1.1 when k is a finite field.

3.2.1. Proof of Theorem 3.1.1 over finite fields assuming Theorem 3.2.2. If k is a finite field, after
possibly replacing F with a power, the categories F-Isoc(X) and F-Isoc'(X) admit arithmetic fibre
functors. More precisely, restriction to a closed point x lands first in F-Isoc(k(x)) rather than
directly in vector spaces. After replacing Frobenius by a power so that the relevant slopes are
integral, one Tate-twists and takes Frobenius invariants; base change then relates the resulting
arithmetic Tannaka groups to the geometric monodromy groups. We can then take the Tannakian
duals of (M, ®) and (M, ®), keeping track of the Frobenius structure. We denote by G' and G the
two monodromy groups we obtain. These algebraic groups are arithmetic variants of G(M, x) and
G (M, z) and are better behaved for this problem because they also contain information about the
slopes. The aim is to prove that the subgroup G C GT is the stabiliser of the slope filtration. Since
the slope filtration of M,, extends to (M, ®), we already know that G is contained in Stab(S,) C GT.
It remains to show the opposite inclusion.
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By Chevalley’s theorem, there exists an object (N, ®) in the Tannakian category generated by
(MT,®) and a rank 1 subobject (£, ®) C (N, ®) such that G is the stabiliser of the line £, C N,.
Since (N, @) is f-extendable, we can take the f-hull of (£, ®) in (N, ®), denoted by (£, ®). Its fibre
L, CN,is a subspace containing L.

The F-isocrystal (£, ®) is of rank 1, thus it admits a unique slope; call it s. On the fibre A, we have
the slope filtration (it exists because (N, ®) lies in the Tannakian category generated by (M, ®)).
Write (N;,)=* for the subspace consisting of all vectors whose slope is < s. This is one of the pieces
of the slope filtration.

Since S1(L£) = L, Theorem 3.2.2 tells us that (£, ®) has no subobjects of slope < s, and its part of
slope s is precisely £. Passing to fibres, this yields the equality

LN (NS =L,

On the one hand, Stab(S,) stabilises £, because L is {-extendable, thus by Tannakian duality it is
stabilised by GT. On the other hand, the slope filtration is a tensor filtration of the fibre functor.
Hence every element of G stabilising Se(M,) also stabilises the induced piece (N;)=*. We deduce
that Stab(S,) stabilises £,. But G is precisely the stabiliser of £, thus Stab(S,) is contained in
G, as we wanted.

3.3. The local enhancement. A refined version of the parabolicity conjecture deals with the
local monodromy at a closed point. Let 2 € X be a closed point, and let X/* denote the affine
scheme

Spec <1£1 (’)ny/m") )

The scheme X/? is an irreducible Frobenius-smooth® Noetherian scheme and Isoc(X/?) is again a
Tannakian category [Dri22, Cor. 3.3.3]. Thus, restricting an isocrystal M to X /% produces a local
monodromy group G(M/*, z). With van Hoften we proved the following fundamental result for
this local monodromy group.

Theorem 3.3.1 ([DvH25]). Assume that X is irreducible and that x € X (k) is a rational point.
Let (M1, ®) be a semi-simple overconvergent F-isocrystal with constant Newton polygon. Then the
local monodromy group G(M/x, x) is equal to the unipotent radical of the global monodromy group

G(M,x).

This might be surprising because in the ¢-adic setting, if the base field is algebraically closed, the
local monodromy group at a point is trivial, since the étale fundamental group of a formal disk is
trivial. In the p-adic setting, however, the local monodromy can be very large! This is a reflection
of the fact that crystals have interesting deformations, as we have seen in the discussion about the
deformation theory of p-divisible groups. Theorem 3.3.1, which is proved using Theorem 3.1.1 can
be thought of as a generalisation of the parabolicity conjecture. Indeed, it says that the unipotent
group appearing in the Levi decomposition (3.1) is realised as the local monodromy group at a

8An Fp-scheme is Frobenius-smooth if its absolute Frobenius is syntomic; equivalently, in the Noetherian case, it
is Zariski locally the spectrum of a ring with a finite p-basis.
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closed point. Theorem 3.1.1 and Theorem 3.3.1 are some of the key ingredients in the proof of the
Hecke orbit conjecture.

3.4. The Hecke orbit conjecture. Let g be a positive integer, and .4, the moduli space of
principally polarised abelian varieties of dimension g over F,. For a point z = (A4,,\) € Ay(F,),
the Hecke orbit H(x) is the set of points y € A, (F,) such that there exists an isogeny A, — A,
compatible with polarisations up to a scalar.

Theorem 3.4.1 ([COJ, [DvH25]). For each x € Ay(F,), the Hecke orbit H(x) is dense in the
Newton stratum containing x. The same holds for Shimura subvarieties (e.g., subvarieties defined
by an extra constraint on the endomorphisms of (Az, X)) of Ay at odd primes of good reduction.

For this question one notices immediately that there is an asymmetry between p-primary isogenies
and prime-to-p isogenies. Since the group schemes A,[p"] are not étale, the p-primary isogenies
can deform in families, while the prime-to-p isogenies are rigid. For Ay, one can reduce to the case
of ¢-primary isogenies, and then the problem becomes to show that the Zariski closure is a central
leaf. The idea is to use the monodromy results to prove that this Zariski closure is big as well.

3.4.1. Central leaves. Within a given Newton stratum N, the isomorphism class of the p-divisible
group A, [p™°] can vary. On the other hand, ¢-primary isogenies preserve the isomorphism class of
the p-divisible group. To capture this finer information, Chai and Oort introduced the notion of
central leaves.

Definition 3.4.2 (Central leaf). Let € Ay(FF,) be a point corresponding to a principally po-
larised abelian variety (Agz, Az). The central leaf C(z) through z is the closed subscheme of N,
parametrising points y = (4, \y) in Ay (F,) such that the polarised p-divisible groups (A, [p*], A;)
and (Ay[p™], Ay) are isomorphic.

Central leaves are smooth locally closed subvarieties of A, and provide a foliation of each Newton
stratum: the Newton stratum N, is a disjoint union of central leaves [Oor04].

3.5. Big monodromy of Hecke orbits. Let Z; be the Zariski closure inside the Newton stratum
N, of an ¢-primary Hecke orbit of a non-supersingular point = € A, (Fp). After passing to a finite
level cover and replacing Z; by a smooth connected dense open Z7, let f: A — Z} be the universal
abelian scheme. A deep result of Chai shows that the f-adic monodromy group of R! f,Q, over Z;
is as large as possible, i.e. it is the full symplectic group Spy, [Cha05, Prop. 4.1 and Prop. 4.4].

We transfer this information to the p-adic setting using all the results we have presented.

Let M = D(A[p™®])[1/p] be the universal F-isocrystal and M = R!'f,O" the universal over-
convergent F-isocrystal over Zg. By the independence-of-¢ result (Theorem 2.5.2), G(MT, z)° is
abstractly isomorphic to Spy,. The polarisation embeds it into Sp(Mz, A) = Spy,; equality follows
by connectedness and dimension. The Newton polygon of the abelian scheme A — Z7 is constant,
thus M admits a slope filtration and Theorem 3.1.1 forces G(M,x) to be the parabolic subgroup
of G(MT,z) associated to the slope filtration. In addition, Theorem 3.3.1 implies that the local
monodromy G(./\/l/ T x) is the unipotent radical of that parabolic subgroup. The same argument
shows that by replacing Z, with C(x), the local monodromy group of M over C(z) coincides with
the one of Z,.
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The end of the proof of Theorem 3.4.1, which is beyond the scope of these lectures, consists in
translating the information about the local monodromy group into a statement about the dimen-
sion of the formal deformation space of Z, at x. This is done using a fundamental linearisation
theorem by Chai and Oort, called the rigidity theorem, which says that Z, can be described using a
certain semi-linear algebra object: a Dieudonné-Lie algebra [CO24]. In order to relate Chai—Oort
linearisation with our monodromy result, we use the theory of Cartier—Witt stacks, developed by
Drinfeld and Bhatt-Lurie [BL22, Dri20, Dri22].

3.6. Further reading. For more details about the proofs of the theorems presented here, you can
look at [D’A24] or the quoted articles. For further applications of the parabolicity conjecture and
the Hecke orbit conjecture see for example [Amb23, BY23, Jia23, Jia25, LS25].

APPENDIX A. ISOCRYSTALS OVER FORMAL SCHEMES

A.l. Setting. Let A be a Noetherian Fp-algebra and I C A an ideal such that A is I-adically
complete. Let X be the formal scheme Spf(A), let X be Spec(A), and let X,, be Spec(A/I") for
n > 1. We write Crys(X) for the category of systems (M,,),>1 of finitely presented crystals over X,
endowed with isomorphisms (M11)|x, — M,,. The category of isocrystals over X is the isogeny
category Isoc(X) := Crys(X) ®z, Qp.

The main objective of this project is to study the I-adic completion functor

Isoc(X) — Isoc(X).

A.2. Problems.

Problem A.2.1. Suppose that A admits a finite p-basis. Characterise Crys(X) in terms of modules
with topologically quasi-nilpotent flat connection over a flat lift A over Zy of A endowed with the
I-adic topology, where I is the preimage of I in A. Construct crystals in Crys(X) which do not
come from crystals over X.

Problem A.2.2. Suppose that X is irreducible and Frobenius-smooth. Prove that Isoc(X) is a
Tannakian category over Frac(W(k)) where r = (1,5 AP" is the perfect field of constants of A.
This generalizes [Dri22, Cor. 3.3.3] to the formal setting.

Problem A.2.3. For an isocrystal M € Isoc(X), study the relation between the monodromy
group of M and the monodromy group of its image in Isoc(X). If M is the underlying isocrystal of
a crystalline Dieudonné module, show that the two groups coincide using [dJ95, Prop. 2.4.8]. Can
one generalize this result to more general isocrystals? Are there isocrystals M € Isoc(X) such that
F*M ~ M, but M does not come from an isocrystal over X?

Problem A.2.4. Develop a stacky approach to crystals and crystalline cohomology over X. In
particular, extend [Dri22, Thm. 3.5.6] to X.
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APPENDIX B. MONODROMY GROUPS BEYOND CONSTANT SLOPES

B.1. Setting. Let (A4, \) be a polarised abelian variety over F,, of dimension g and (G, \) its asso-
ciated polarised p-divisible group. Let R be the complete local ring representing equicharacteristic
deformations of (G,\) and put Z = Spec(R); its formal completion Spf(R) is the polarised de-
formation space and is non-canonically isomorphic to Spf(F,[[z1, . .. s Tg(g+1)/2]])- By the polarised
Serre-Tate theorem, it also represents deformations of (A, ). Denote its closed point by z € Z.
The aim of this project is to study the monodromy group of the universal isocrystal M over Z. By
[vH24, Cor. 3.3.5] and [DvH25, Thm. II], we know that the monodromy group of M restricted to
Defyus(G, \)? is the unipotent radical of the parabolic subgroup of Sp(M., \) defined by the slope
filtration. The goal of this project is to understand the monodromy group of M over the entire
scheme Z.

B.2. Problems. Let Aut(G, \) be the abstract automorphism group of (G, \).

Problem B.2.1. Define an action of Aut(G, \) on G(M, z) using the universality of the deformation
space.

Problem B.2.2. Let n be the generic point of Z and let 77 be a point over 7 associated to an
algebraic closure of the field of fractions of Z. Prove that G(M,,,,,7) coincides with the unipotent
radical of the parabolic subgroup of Sp(Mj, \) defined by the (ordinary) slope filtration of M.
More generally, if Z’ is the closure of a central leaf in Z, compute G(Mnéep’ 7'), where 7’ is the
generic point of Z’. This is an extension of [DvH25, Thm. II].

Problem B.2.3 (Extra). With the notation as in the previous problem, what can be said about
the monodromy group G(M,,,7')?

Problem B.2.4. Suppose (G,\) supersingular. In this case, (G, \) has a large automorphism
group. Use Problem B.2.1 and Problem B.2.2 to prove that G(M, z) is as large as possible, i.e.

G(M,z) = Sp(M:, A).
Start with the superspecial case if necessary.

Problem B.2.5. Go beyond the supersingular case. Compute the monodromy groups when (G, \)
is of height 4 and slopes 0,1/2,1/2,1 or when (G, ) is of height 6. Try to formulate a general
conjecture. In particular, is G(M, z) connected?
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